Randomness and uncertainty always coexist in complex systems such as decision-making and risk evaluation systems in the real world. Intuitionistic fuzzy random variables, as a natural extension of fuzzy and random variables, may be a useful tool to characterize some high-uncertainty phenomena. This paper presents a scalar expected value operator of intuitionistic fuzzy random variables and then discusses some properties concerning the measurability of intuitionistic fuzzy random variables. In addition, a risk model based on intuitionistic fuzzy random individual claim amount in insurance companies is established, in which the claim number process is regarded as a Poisson process. The mean chance of the ultimate ruin is investigated in detail. In particular, the expressions of the mean chance of the ultimate ruin are presented in the cases of zero initial surplus and arbitrary initial surplus, respectively, if individual claim amount is an exponentially distributed intuitionistic fuzzy random variable. Finally, two illustrated examples are provided.
Introduction
In many complex systems such as decision-making and risk evaluation systems, we may have to face high-uncertainty environment where linguistic vagueness and frequent imprecision exist simultaneously. The frequent imprecision could be characterized by probability theory [1] , while the linguistic vagueness could be expressed appropriately via possibility theory [2] [3] [4] . In 1978, Kwakernaak [5] initiated the notion of fuzzy random variables, which means random variables whose values are fuzzy numbers instead of real numbers. Kwakernaak also defined expectations of fuzzy random variables as fuzzy numbers instead of real numbers. Slightly different from Kwakernaak's work, Puri and Ralescu [6] introduced fuzzy random variables based on set-valued functions subject to certain measurability requirements and defined its expectations as fuzzy variables. In order to conveniently deal with decision-making problems, Y. K. Liu and B. Liu [7] introduced a scalar expected value operator of fuzzy random variables rather than fuzzy numbers and investigated several algebraic properties. Combining randomness with fuzziness, other approaches may be provided by [8] [9] [10] [11] . In addition, fuzzy random variables have been successfully applied to practical problems in many areas such as multiobjective optimization for emergency supplies allocation problem [12] , the reliability of structural systems [13] [14] [15] , uncertain random programming [16] , risk analysis in uncertain decision systems [17, 18] and risk evaluation in insurance companies [19] , and serious crime [20] .
Further measures have been taken to handle some linguistic and data uncertainties and advance uncertain theory [21] [22] [23] recently. Fuzzy random renewal reward process, in which the interarrival times and rewards were assumed as fuzzy random variables, has been investigated by some researchers. Huang et al. [19] proposed a risk model in which individual claim amount was set as a fuzzy random variable and the claim number process was characterized as a Poisson process. Wang et al. [24] considered a fuzzy random renewal process under the t-norm-based extension principle and presented a fuzzy random elementary renewal 2 Mathematical Problems in Engineering theorem for the long-run expected renewal rate. Regarding the interarrival times and rewards of the renewal reward process as positive fuzzy random variables, in which the fuzzy random interarrival times and rewards are T-independence associated with continuous Archimedean t-norms, a new fuzzy random renewal reward theorem for the long-run expected average reward has been presented [25] and has been successfully applied to a multiservice system and a replacement problem. Recently, Wang and Pedrycz [26] developed two classes of robust granular optimization models for general single-stage and two-stage optimization problems with separable and higher order hybrid uncertainties, respectively. Moreover, a target-based trade-off model was presented to enhance the flexibility of the proposed models in balancing the robust level and the solution conservativeness. To capture realistically the managers' ambiguous risk tolerance, an adaptive robust budget-portfolio optimization model [27] has been established. Particularly, Risk-Neutral Budget Threshold modeled by a fuzzy set granule was utilized successfully to represent the risk tolerance ambiguity.
As a generalization of fuzzy set, an intuitionistic fuzzy set considers not only membership degree to a given set, but also the nonmembership degree such that the sum of both values is less than or equal to 1. Since the introduction of intuitionistic fuzzy sets proposed by Atanassov [28] , the intuitionistic fuzzy decision-making has become a promising topic [29, 30] . Intuitionistic linguistic variables [31] are discussed in the decision-making process, and the distance and similarity measures of intuitionistic fuzzy sets [32] are presented. In order to extend uncertain theory and develop its applications, Pei [33] introduced intuitionistic fuzzy variables and developed outranking methods for evaluating intuitionistic fuzzy variables. Zainali et al. [34] introduced the notion of intuitionistic fuzzy random variable based on probability space and defined the expectation value of an intuitionistic fuzzy random variable as a fuzzy number in the basis of credibility measure. Moreover, they investigated the method of testing statistical hypothesis concerning the variance of intuitionistic fuzzy random variables. However, in decisionmaking problems, a decision-maker tends to require a scalar value to act as a representative value for an intuitionistic fuzzy random variable, thus making a decision according to the representative value. As pointed out by Y. K. Liu and B. Liu [7] , the expected value is a fundamental concept for fuzzy random variables. Intuitionistic fuzzy random variable, a generalization of fuzzy random variable, has hardly been employed in practices, especially decision-making area. To render intuitionistic fuzzy random variables more beneficial to the decision-making, and also to avoid information loss during defuzzification, the scalar expected value of intuitionistic fuzzy random variable is required to be discussed. Therefore, it is meaningful to investigate a scalar expectation approach of intuitionistic fuzzy random variables.
Motivated by the above discussions, this paper aims to make contributions as follows. The notion of intuitionistic fuzzy random variables is introduced based on probability space. A novel scalar expectation operator of intuitionistic fuzzy random variables and its computational formula are also given, which would be beneficial for us in making decisions in practical systems. In addition, taking individual claim amount as an intuitionistic fuzzy random variable, we establish a risk model in insurance plant by utilizing chance theory. In particular, we derive the expressions of the mean chances of the ultimate ruin with or without zero initial surplus, respectively, if individual claim amount is assumed to be an exponentially distributed intuitionistic fuzzy random variable.
The remaining structure of this paper is arranged as follows. Section 2 recalls some basic concepts and fundamental properties of (intuitionistic) fuzzy variables. Section 3 introduces a novel definition of intuitionistic fuzzy random variable based on probability space and investigates several properties related to the measurability of intuitionistic fuzzy random variables. Section 4 proposes a scalar expected value for intuitionistic fuzzy random variables. Section 5 establishes a risk model by chance theory, in which individual claim amount is expressed as an intuitionistic fuzzy random variable and the claim number is assumed to be a Poisson process. Finally, two illustrated examples are given.
Preliminaries
In this section, some basic concepts and fundamental properties are presented as follows.
Definition 1 (see [4] ). For the universe of discourse , and the set C of its nonempty subsets, the fuzzy measure in ( , C) is defined as the function : C → [0, 1], which meets the following conditions:
Definition 2 (see [4] ). Suppose Θ is an nonempty set and ℘(Θ) is the power set of Θ. Then the function Pos : ℘(Θ) → [0, +∞) is defined as the possibility measure, if it satisfies the following three conditions:
(1) Pos{Θ} = 1; (2) Pos{0} = 0; (3) for any set of subsets { } in ℘(Θ), the following equation holds:
Moreover, the triple (Θ, ℘(Θ), Pos) is defined as the possibility space.
Definition 3 (see [4] ). Suppose the triple (Θ, ℘(Θ), Pos) is the possibility space, and the event ∈ ℘(Θ). Then the necessity measure of event is defined as Nec{ } = 1−Pos{ }, where the event is the complement set of the event .
Obviously, the possibility and necessity measures are fuzzy measures. Considering the fact that the above measures lack self-dual attribute, B. Liu and Y. K. Liu proposed a selfdual fuzzy measure [35] as follows.
Definition 4 (see [22, 35] ). Suppose the triple (Θ, ℘(Θ), Pos) is the possibility space and the event ∈ ℘(Θ). Then the credibility measure of event is defined as Cr{ } = (1/2)(Nec{ } + Pos{ }).
Moreover, the triple (Θ, ℘(Θ), Cr) is defined as the credibility space.
Definition 5 (see [28] ). Let real number set be an universal set; an intuitionistic fuzzy set on is given by a set of ordered triples:
where , ] : → [0, 1] are the degrees of membership and nonmembership, respectively, and 0 ≤ ( ) + ] ( ) ≤ 1 for all ∈ .
Remark 6. The fuzzy set is a special case of intuitionistic fuzzy set with membership function and the nonmember- 
provided that at least one of the two integrals in any equation above is finite.
In order to fully represent subjective opinions of experts in real decision-making problems, Pei [33] introduced a pair of fuzzy variables which depict the magnitude of membership and nonmembership, respectively, based on the credibility space.
Definition 8 (see [33] ). Suppose 1 and 2 are two fuzzy variables defined in the credibility space (Θ, ℘(Θ), Cr), and the membership functions of the two fuzzy variables are In this paper, we will denote Definition 9 (see [34] ). An intuitionistic fuzzy random variable is a Borel measurable functioñ:
where is -algebra of open sets,
Remark 10. In a special case, if, for all ∈ ,
theñis reduced to a fuzzy random variable introduced by Puri and Ralescu [6] .
Intuitionistic Fuzzy Random Variables
Recently, Definition 9 [34] has introduced an intuitionistic fuzzy random variable as a Borel measurable function from a probability space to a collection of intuitionistic fuzzy sets. In this paper, for our purpose, we impose a new measurability from a probability space to a collection of intuitionistic fuzzy variables and thus propose a new definition of intuitionistic fuzzy random variable.
Definition 11. Let (Ω, Σ, Pr) be a probability space. An intuitionistic fuzzy random variable is a mapping̃: (10) are measurable functions of , respectively.
In this paper, Pos
* is called an adjoint measure of the fuzzy measure Pos in Definition 11. Particularly, if the intuitionistic fuzzy random variable degenerates to a fuzzy random variable, then both̃ * ( )( ) and̃ * * ( )( ) are equal. If the intuitionistic fuzzy random variable degenerates to a random variable, then expression (9) becomes the characteristic function of the random event { ∈ Ω |̃( ) ∈ } for any closed subset of .
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Definition 12. An intuitionistic fuzzy random variablẽis said to be normal if, for each ∈ Ω,̃( ) is a normal intuitionistic fuzzy variable.̃is bounded if, for each ∈ Ω, ( ) is a bounded intuitionistic fuzzy variable.
Let IF V be a collection of -ary intuitionistic fuzzy vectors consisting of intuitionistic fuzzy variables defined on the possibility space Θ. Next we give the concept of intuitionistic fuzzy random vector.
Definition 13. Let (Ω, Σ, Pr) be a probability space. An intuitionistic fuzzy random vector is a mapping → =
are measurable functions of , where
In practical intuitionistic fuzzy random programming models, some uncertain functions such as Pos{ ( , ( )) ≤ 0}, Pos * { ( , ( )) ≤ 0}, Nec{ ( , ( )) ≤ 0}, and Cr{ ( , ( )) ≤ 0} would be required to be measurable functions of , where represents a decision vector and is an intuitionistic fuzzy random vector. Next we will discuss their several measurability characterizations. 
the lower expected value, [ ], of is defined as
and the expected value, [ ], of is defined as (15) provided that at least one of the two integrals in any above equation is finite. Here, Cr is the credibility measure defined by
Cr {⋅} = 1 4 (Pos {⋅} + Pos * {⋅} + Nec {⋅} + Nec * {⋅}) ,
Definition 15. An intuitionistic fuzzy variable is said to be positive if and only if Cr{ ≤ 0} = 0.
Remark 16.
If is a positive intuitionistic fuzzy variable, then the expectation of intuitionistic fuzzy variable is as follows:
The following theorem shows that the possibility, necessity, and credibility measures of events { ( ) ≥ } and { ( ) ≤ } are all random variables. Proof. The parts (i) and (ii) follow immediately from Definition 11. It follows from
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Thus, Nec * {̃( ) ≥ } is also a random variable.
Therefore, Nec{̃( ) ≤ } is a random variable. Similarly we could deduce that Nec * {̃( ) ≤ } is also a random variable. According to the definition of credibility measure, we have
These formulas imply that both Cr{̃( ) ≥ } and Cr{̃( ) ≤ } are measurable functions of . That is, both Cr{̃( ) ≥ } and Cr{̃( ) ≤ } are random variables. By Theorem 17, Cr{̃( ) ≤ 0} is a random variable if̃is an intuitionistic fuzzy random variable. We say that̃is positive if and only if Cr{̃( ) ≤ 0} = 0 for any ∈ Ω.
Theorem 18. Let̃be an intuitionistic fuzzy random variable on the probability space (Ω, Σ, ). Then (i) if the upper expected value [̃( )] is finite for any given ∈ Ω, then [̃( )] is a random variable while varies all over Ω;
(
ii) if the lower expected value [̃( )] is finite for any given ∈ Ω, then [̃( )] is a random variable while varies all over Ω; (iii) if the expected value [̃( )] is finite for any given ∈ Ω, then [̃( )] is a random variable while varies all over Ω.
Proof.
By Definition 11 and Theorem 17, Pos{̃( ) ≥ / }, Pos (iii) 
A Scalar Expected Value Operator of Intuitionistic Fuzzy Random Variable
As pointed out by Y. K. Liu and B. Liu [7] in uncertain programming theory, a scalar expected value of uncertain random variable is often required as a representative value for the uncertain random variable. Thus a decision-maker could utilize the value to make a decision. Therefore, in intuitionistic fuzzy random environments, we introduce a scalar expected value operator of intuitionistic fuzzy random variable, which is different from the notion of expectation proposed by Zainali et al. [34] .
Definition 19. Let (Θ, ℘(Θ), Pos) be a possibility space andb e a normalized intuitionistic fuzzy random variable defined on the probability space (Ω, Σ, Pr 
while the lower expected value, E[̃], of̃is defined as the lower expected value of random variable [̃( )], that is,
The expected value, E[̃], of̃is defined as the expected value of random variable [̃( )], that is,
Remark 20. If̃is a positive intuitionistic fuzzy random variable, then
Remark 21. If the intuitionistic fuzzy random variabled egenerates to a fuzzy random variable, then by Definitions 11 and 14, for a mapping̃: 
which is just the conventional expected value of random variable .
Lemma 23 (see [7] ). Let be a bounded fuzzy variable on the possibility space (Θ, ℘(Θ), ). Then we have 
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Definition 24. Let be an intuitionistic fuzzy variable on the possibility space (Θ, ℘(Θ), Pos). Define
where
Proposition 25. Let be a bounded intuitionistic fuzzy variable defined on the possibility space (Θ, ℘(Θ),
). Then
Proof. By Definition 14 and Lemma 23, it follows that
Proposition 26. Let̃be an intuitionistic fuzzy random variable with finite expected value E[̃]
on the probability space (Ω, Σ, ). Then
Proof.̃( ),̃1 −] ( ),̃( ),̃1
−] ( ) are all random variables while varies all over Ω. By Definition 19 and Proposition 25, we have
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Definition 27 (exponentially distributed intuitionistic fuzzy random variable). Assume that̃is an intuitionistic fuzzy random variable on the probability space (Ω, Σ, Pr). Then the variablẽis said to be exponentially distributed if the probability distributions of̃( ),̃1 −] ( ),̃( ), and 1−] ( ) are all exponential when is fixed while varies all over Ω, ∀ ∈ (0, 1].
Example 28. Let̃: Ω → IF V be an intuitionistic fuzzy random variable, given bỹ( ) = (̃( ) , ]̃( ) ), for any ∈ Ω, wherẽ( 
and is an exponentially distributed random variable. It follows that, for ∈ Ω and each given ∈ (0, 1],
Owing to ∼ exp( ),̃( ),̃( ),̃1 −] ( ), and 1−] ( ) are all exponentially distributed when is fixed while varies all over Ω, ∀ ∈ (0, 1]. Therefore,ĩ s an exponentially distributed intuitionistic fuzzy random variable by Definition 27.
Lemma 29 (see [7]). If and are bounded fuzzy variable defined on the possibility space Θ, then their optimistic functions and pessimistic functions have the following properties:
(i) for any ∈ (0, 1], ( + ) = + ;
(ii) for any ∈ (0, 1], ( + ) = + ;
Lemma 30 (see [7] ). Assume that and are bounded fuzzy variables defined on the possibility space Θ, then their expected values have the following properties:
Risk Model Associated with Intuitionistic Fuzzy Random Individual Claim Amount
In fuzzy random decision systems, Y. K. Liu and B. Liu [18] introduced three kinds of mean chances of a fuzzy random event to measure the degree of the occurrence of a fuzzy random event and then develop a hybrid intelligent algorithm to solve a fuzzy random minimum-risk problem, where the objective and all the constraints are defined by the mean chances. In this section, we first present the mean chance of an intuitionistic fuzzy random event, which measures the mean or expected possibility of the intuitionistic fuzzy random event occurring in the sense of probability. Then, taking the individual claim amount as an intuitionistic fuzzy random variable, we discuss a risk model in insurance company via the mean chance of the ultimate ruin.
Definition 31.
Let̃be an intuitionistic fuzzy random variable on the probability space (Ω, Σ, ). Then the mean chance denoted by Ch, of intuitionistic fuzzy random event characterized by {̃≤ 0}, is defined as Ch {̃≤ 0} = ∫ 
Ch {̃≤ 0} = ∫ Let ( ) denote the aggregate claims by time . Then
where {̃, ≥ 1} is a sequence of IID positive bounded intuitionistic fuzzy random variables independent of { , ≥ 1} and̃denotes the amount of the th claim. Obviously, by Definition 11, ( ) is an intuitionistic fuzzy random variable. The process { ( ), ≥ 0} is called an intuitionistic fuzzy random aggregate claims process. By Lemma 29, we have
respectively.
Theorem 35. Let { ( ), ≥ 0} be a Poisson process with parameter , {̃, ≥ 1} a sequence of IID positive intuitionistic fuzzy random variables, and { ( ), ≥ 0} an intuitionistic fuzzy random aggregate claims process defined by (42). Then we have
Proof. Since { ( ), ≥ 0} is a Poisson process with parameter , we have [ ( )] = . For any ∈ Ω, ∈ (0, 1], and > 0, it follows from Definition 19 that
(By Wald's Eq.)
Let ( ) be the insurer's surplus at time . Then, ( ) is defined by
where ≥ 0 is the initial surplus, is the insurer's premium income per unit time, and ( ) is the aggregate claims. Since ( ) is an intuitionistic fuzzy random variable, ( ) is an intuitionistic fuzzy random variable. The process { ( ), ≥ 0} is called an intuitionistic fuzzy random variable insurer's surplus process.
For any given ∈ Ω, ( )( ) is an intuitionistic fuzzy variable.
Therefore, for ∈ (0, 1],
The first time that the surplus becomes negative is denoted by
which is called the time of ruin ( = ∞ if ruin does not occur).
Definition 36.
Assume that is the time of ruin defined by (48). For each given ∈ Ω and ∈ (0, 1], define
as the -pessimistic value and the -optimistic value of ( ), respectively, where
Theorem 37. Let {̃, ≥ 1} be a sequence of IID exponentially distributed intuitionistic fuzzy random variables. For any ∈ (0, 1], when varies all over Ω, we have
where is the insurer's premium income per unit time, is the initial surplus, and is a Poisson parameter.
Proof. When varies all over Ω and
, ( ) are exponentially distributed random variables ( ≥ 1). By the result of probability of ultimate ruin in stochastic case [36] , we have
) .
(52)
Theorem 38. Let {̃, ≥ 1} be a sequence of IID exponentially distributed intuitionistic fuzzy random variables.
Proof. 
Proof. By Theorem 38 and Proposition 26, we have
Mathematical Problems in Engineering 13
Numerical Examples
Two numerical examples are presented to show how to calculate the mean chance of the ultimate ruin, where the number process { ( ), ≥ 0} of claims on the insurance company is a Poisson process with parameter and {̃, ≥ 1} is a sequence of IID exponentially distributed intuitionistic fuzzy random variables.
Example 1.
We consider an insurance company, which has to pay claimer when any claim occurs and pay receivers a certain amount of premium to cover its liability. However, the reimbursement is uncertain. The company cannot forecast precisely how much reimbursement they would pay in the long run. Moreover, the uncertainty involves both the randomness and fuzziness, which require to be considered simultaneously. To appropriately characterize the practical running of the insurance company, we assume the individual claim amount to be an intuitionistic fuzzy random variable. ≤ } is the number of claims on the insurance company by time . Next we should apply sufficient historical data recorded on the insurance company. { ( ), ≥ 0} is assumed as a Poisson process with parameter = 0.8, which could be obtained by probability theory and mathematical statistics.
In order to present the mean chance of the ultimate ruin, we assume that̃is an exponentially distributed intuitionistic fuzzy random variable shown in Example 28, where is an exponentially distributed random variable with parameter 0.5, that is, ∼ exp(0.5). Note that, for any given ∈ Ω,̃( ) is now assumed to be a special triangular intuitionistic fuzzy number. The intuitionistic fuzzy random variable contains both the membership part and the nonmembership segment, which would become more meaningful and applicable. For each given ∈ Ω and ∈ (0, 1], it follows in Example 28 that 
Therefore, 
For any given initial surplus and insurer's premium income per unit time , the corresponding mean chance of the ultimate ruin could be calculated by MATLAB software. Figure 1 shows a plot of the mean chance of the ultimate ruin in the case of = 10. It sees that the mean chance of the ultimate ruin decreases from 0.64 to 7.2145 × 10 −5 when increases from 0 to 500. Figure 2 shows a similar plot of the mean chance of the ultimate ruin under the conditions that = 20. Moreover, when increases from 0 to 500, the mean chance of the ultimate ruin decreases from 0.32 to 7.4351 × 10 −14 . It shows from Figures 1 and 2 that their change features are similar as the initial surplus grows gradually. This accords with the practical running of insurance company and implies the significance of sufficient initial surplus. In addition, when insurer's premium income per unit time equals 10 rather than 20, it is likely to occur earlier if the ultimate ruin appears. 
where the random variable ∼ exp (1) . Note that, for any given ∈ Ω,̃1( ) is now assumed as a special trapezoidal intuitionistic fuzzy number. Then 
Mathematical Problems in Engineering 15 For any given initial surplus and insurer's premium income per unit time , the corresponding mean chance of the ultimate ruin could be calculated by MATLAB software. Figure 3 shows a plot of the mean chance of the ultimate ruin in the case of = 5, in which the mean chance of the ultimate ruin decreases from 0.6 to 2.1642 × 10 −7 when increases from 0 to 500. Figure 4 shows a similar plot of the mean chance of the ultimate ruin under the conditions that = 10. Moreover, the mean chance of the ultimate ruin decreases from 0.3 to 1.0126 × 10 −20 when increases from 0 to 500. Table 1 presents the corresponding results of the mean chance of the ultimate ruin as increases from 1 to 50 in the cases of = 5 and = 10, respectively. This shows that their features agree with the practical running of insurance company.
Conclusion
This paper proposes a novel definition of intuitionistic fuzzy random variable, establishes a scalar expectation value of intuitionistic fuzzy random variable, and discusses their measurability properties. Considering the individual claim amount in insurance company as an intuitionistic fuzzy random variable, a risk model, where the claim number process is considered to be a Poisson process, has been given. Moreover, when the individual claim amount is characterized as an exponentially distributed intuitionistic fuzzy random variable, the expressions for the mean chance of the ultimate ruin are obtained with initial surplus or without initial surplus, respectively. Last but not least, two illustrated examples are given to show the feasibility of the approach.
Intuitionistic fuzzy random variables are effective mathematical tools for dealing with high-uncertainty phenomena. A further issue worthy of consideration will be the application in uncertain decision systems based on intuitionistic fuzzy random variables. And the research of uncertain random programming by effectively integrating uncertain theory and probability theory will be discussed in the near future.
